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THE MEAN CURVATURE FLOW FOR ISOPARAMETRIC
SUBMANIFOLDS
XIAOBO LIU∗ AND CHUU-LIAN TERNG†
Abstract. A submanifold in space forms is isoparametric if the normal
bundle is flat and principal curvatures along any parallel normal fields
are constant. We study the mean curvature flow with initial data an
isoparametric submanifold in Euclidean space and sphere. We show that
the mean curvature flow preserves the isoparametric condition, develops
singularities in finite time, and converges in finite time to a smooth
submanifold of lower dimension. We also give a precise description of
the collapsing.
1. Introduction
The mean curvature flow (abbreviated as MCF) of a submanifoldM ⊂ RN
over an interval I is a map f : I ×M −→ RN such that for all t ∈ I and
x ∈M , ∂∂tf(t, x) is equal to the mean curvature vector of M(t) = f(t,M) at
the point x(t) = f(t, x). Mean curvature flows of convex hypersurfaces have
been extensively studied in the literature (cf. [GH], [Hu]). An exposition
of the work in this area was given in the book [Z]. Comparatively, the
behavior of mean curvature flows of submanifolds with higher codimension
is less understood (cf. [W]). This is partly due to the lack of understanding
of collapsing and the formation of singularities of the flow equations in the
higher codimensional case.
A submanifoldM of a Riemannian manifold is isoparametric if its normal
bundle is flat and principal curvatures along any parallel normal vector field
are constant. The codimension of M is called the rank of M . An isopara-
metric submanifold M in RN is full if it is not contained in any proper
hyperplane, and is irreducible if it is not a product of two isoparametric
submanifolds. We refer to [T] for the basic properties and structure theories
for isoparametric submanifolds. Principal orbits of isotropy representations
of symmetric spaces are isoparametric, they are the only compact homo-
geneous isoparametric submanifolds in Euclidean space (cf. [PT]), and are
called generalized flag manifolds. There are also infinite families of non-
homogeneous isoparametric submanifolds which arise from representations
of Clifford algebras (cf. [FKM]). All these non-homogeneous examples have
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rank 2. A theorem of Thorbergsson [Th] asserts that compact full irre-
ducible isoparametric submanifolds with rank bigger than 2 are always ho-
mogeneous.
A complete isoparametric submanifold of RN can be decomposed as the
product of a compact, irreducible, isoparametric submanifold and a subspace
of RN . Since mean curvature flows with affine subspaces of RN as initial
data is trivial and the mean curvature flow starting from a product sub-
manifold stays as product, we will only consider compact, full, irreducible
isoparametric submanifolds.
Let M be an isoparametric submanifold of RN , and ξ a parallel normal
vector field on M . Then Mξ = {x + ξ(x) | x ∈ M} is again a smooth
submanifold (may have higher codimension), and the mapM →Mξ is either
a diffeomorphism or a fibration with a generalized flag manifold as fiber.
The family of these parallel sets forms a singular foliation of the ambient
Euclidean space RN . Top dimensional leaves are all isoparametric in RN ,
and they are called parallel isoparametric submanifolds. Lower dimensional
leaves are no longer isoparametric, and they are called focal submanifolds.
We show that if f : M × [0, T ) → RN is a solution of the MCF in RN
with f(·, 0) isoparametric then f(·, t) is isoparametric for all t ∈ [0, T ),
i.e., the MCF preserves isoparametric condition. This reduces the MCF
to a system of ordinary differential equations. There is a Weyl group W
associated to each isoparametric submanifold M that acts on the normal
plane p + νpM . The ODE given by the mean curvature flow with initial
data an isoparametric submanifold is given by a vector field H smoothly
defined on the interior of the Weyl chamber C of W but blows up at the
boundary of C. However, we can use generators of W -invariant polynomials
to change coordinate so that the vector field H becomes a polynomial vector
field and its flows can be solved explicitly.
Every compact isoparametric submanifold is contained in a sphere. This
sphere is also foliated by parallel isoparametric submanifolds and focal sub-
manifolds. Each isoparametric foliation contains a unique isoparametric
submanifold which is a minimal submanifold of this sphere. The mean cur-
vature flow in RN with initial data a minimal submanifold in SN−1 behaves
like the mean curvature flow of a sphere, i.e. it just shrinks homothetically
along the radial direction and collapses to a point in finite time (cf. Lemma
3.8). If M is an isoparametric submanifold in RN which is not minimal in
the sphere, then its mean curvature flow will converge to a focal subman-
ifold F of positive dimension (cf. Corollary 3.9). In fact, M is a fibration
over F with each fiber a homogeneous isoparametric submanifold of a lower
dimensional Euclidean space. Each fiber of this fibration collapses to a point
under the mean curvature flow in a finite time.
We summarize some of the main results of this paper in the following
Theorem (cf. Theorem 3.5, Theorem 3.6, and Proposition 3.10):
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Theorem 1.1. The mean curvature flow in RN with initial data a compact
isoparametric submanifold
(1) converges to a focal submanifold in finite time T ,
(2) if the fibration from the initial isoparametric submanifold to the lim-
iting focal submanifold is a sphere fibration (this is the generic case),
then the mean curvature flow M(t) has type I singularity, i.e., there
is a constant c0 such that ||II(t)||2∞(T − t) ≤ c0 for all t ∈ [0, T ),
where ||II(t)||∞ is the sup norm of the second fundamental form of
M(t),
(3) every focal submanifold is the limit of the mean curvature flow with
some parallel isoparametric submanifold as initial data,
(4) if M1 and M2 are distinct parallel full isoparametric submanifolds
in RN that lie in the same sphere. Then the mean curvature flows
in RN with initial data M1 and M2 collapse to two distinct focal
submanifolds.
The mean curvature flow in SN−1 with initial data an isoparametric sub-
manifold behaves very similarly to the Euclidean mean curvature flow. In
particular we have the following theorem:
Theorem 1.2. Let M be an isoparametric submanifold of SN−1. Then the
mean curvature flow in SN−1 with M as initial data
(1) is constant if M is minimal in SN−1, or
(2) converges to a focal submanifold of positive dimension in finite time
if M is not minimal.
An isometric action of G on a Riemannian manifold N is polar if there
exists a closed embedded submanifold Σ of N that meets all G-orbits and
meets orthogonally. Such Σ is called a section of the polar action. Principal
orbits of a polar action in Rn and Sn are isoparametric (cf. [PT]). We prove
that if the G-action on N is polar then the mean curvature flow preserves G-
orbits and the flow becomes an ordinary differential equation on the section
Σ. We expect that methods developed in this paper can be applied to
study mean curvature flows for orbits of polar actions with flat sections in
symmetric spaces.
This paper is organized as follows: We give a brief review of properties
of isoparametric submanifolds that are needed in section 2, present proofs
of results stated in Theorem 1.1 in section 3, construct explicit solutions of
the MCF in RN with initial data an isoparametric submanifold in section 4.
Since focal submanifolds are smooth manifolds, we can consider their mean
curvature flow. Most properties of the mean curvature flows for isopara-
metric submanifolds also hold for focal submanifolds. This will be briefly
discussed in section 5. We describe MCF in spheres with initial data an
isoparametric submanifold in spheres in section 6, and in the last section we
discuss MCF in a Riemannian manifold N with initial data a principal orbit
of a polar action on N .
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2. Preliminaries
Geometric and topological properties of isoparametric submanifolds can
be found in [T]. In this section we briefly review the properties which will
be used in this paper. Let M ⊂ RN be a full compact isoparametric sub-
manifold of rank k.
2.1. Curvature spheres and curvature normals.
The tangent bundle of M can be decomposed into orthogonal sums of cur-
vature distributions {Ei | i = 1, · · · , g} for some integer g > 0. At each point
of M , Ei is a common eigenspace of the shape operators of M at that point.
There are parallel normal vector fields ni such that the shape operator Aξ
has the property
Aξ|Ei = 〈ξ,ni〉IdEi
for all normal vector ξ. Each vector field ni is called the curvature normal of
Ei. The rank of Ei is called the multiplicity of ni, which will be denoted by
mi. Each Ei is an integrable distribution whose leaves are mi-dimensional
round spheres with radius 1/‖ni‖. Such spheres are called curvature spheres.
2.2. Weyl group associated to M .
For each i ∈ {1, · · · , g}, let σi(x) be the antipodal point in the i-th curvature
sphere passing through x. Then σi is an involution on M . The group W
generated by σ1, · · · , σg is a crystallographic Coxeter group. It is known
that M is irreducible if and only if W is irreducible. For each x ∈ M , W
also acts as a reflection group on the affine normal space x+νxM generated
by reflections along hyperplanes
Li := {x+ ξ | ξ ∈ νxM, 1− 〈ξ,ni(x)〉 = 0}
for i = 1, · · · , g.
The intersection
⋂g
i=1 Li consists of a single constant point which is de-
noted by a. ThenM is contained in a sphere which is centered at a. Without
loss of generality, we always assume that a = 0, i.e., M is contained in a
sphere centered at the origin of RN . This condition is equivalent to
〈−x, ni(x)〉 = 1 (2.1)
for all x ∈M and i = 1, · · · , g (cf. [T, Corrolary 1.17]).
2.3. Parallel submanifold.
For any parallel normal vector field ξ on M , define
Mξ := {x+ ξ(x) | x ∈M}.
If
1− 〈ξ(x),ni(x)〉 6= 0 (2.2)
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for i = 1, · · · , g, then Mξ is again an isoparametric submanifold with the
same dimension as M . Mξ is called the parallel isoparametric submanifold
of M defined by ξ. The curvature normals of Mξ at the point x+ ξ(x) are
given by
ni(x)
1− 〈ξ(x),ni(x)〉
with same multiplicities mi for i = 1, · · · , g. The mean curvature vector of
Mξ at x+ ξ(x) is given by
H(x+ ξ(x)) =
g∑
i=1
mini(x)
1− 〈ξ(x),ni(x)〉 . (2.3)
When condition (2.2) fails, Mξ is still a smooth submanifold of R
N , but
it is no longer isoparametric. This submanifold is called a focal submanifold
of M . The dimension of Mξ is strictly smaller than that of M . The map
π : M −→ Mξ
x 7→ x+ ξ(x)
is a fibration over Mξ with each fiber an isoparametric submanifold in the
normal space of Mξ at π(x). In fact, fix x0 ∈ M , let C denote the Weyl
chamber of W on x0 + νx0M containing x0, i.e.,
C = {x0 + ξ | ξ ∈ νx0M, 〈ξ, ni〉 < 1}.
If y0 = x0 + ξ(x0) lies in the boundary of C and y0 6= 0, then the fiber of
the fibration M →Mξ is a generalized flag manifold with Weyl group Wy0 ,
the isotropy subgroup of W at y0.
For any parallel normal vector field ξ on M , the intersection of Mξ with
x + νxM is an orbit of W . In particular, if Mξ is a parallel isoparametric
submanifold, then it intersects each open Weyl chamber of W exactly once.
Moreover, Mξ is a focal submanifold if and only if x + ξ(x) is contained in⋃g
i=1 Li.
2.4. Isoparametric map andW -invariant polynomials.
Given a W -invariant polynomial f on V = x0 + νx0M , there is a unique
extension Ψ(f) on RN such that Ψ(f) is constant along any parallel sub-
manifold Mξ and Ψ(f) | V = f . Moreover, Ψ(f) is also a polynomial.
Let △˜ and △ denote the Laplacian in RN and V respectively. Then by
Lemma 3.2 of [T],
F (x) = △˜Ψ(f)(x)−Ψ(△f)(x) =
g∑
i=1
mi〈∇f(x),ni〉
〈x,ni〉 . (2.4)
is a polynomial on RN and is constant along parallel submanifolds of M .
Moreover, if f is a homogeneous W -invariant polynomial of degree m on V ,
then F is a homogeneous polynomial of degree m− 2 on RN .
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3. Mean curvature flows for general isoparametric
submanifolds
Let M be an isoparametric submanifold of RN , fix x0 ∈ M , and W the
Coxeter group associated toM . We prove that the MCF stays isoparametric
and the MCF equation becomes a flow equation of a vector field H defined
in the interior of the Weyl chamber of W containing x0 in x0 + νx0M and
the vector field H tends to infinity at the boundary of the Weyl chamber.
We prove that solutions of the ODE x′ = H(x) only exists for finite time.
To see the finer structure of the behavior of the blow-up of MCF, we use
W -invariant polynomials to construct a new coordinate system for the Weyl
chamber so that the corresponding vector field H becomes a polynomial
vector field. We then analyse the behavior of flows of this polynomial vector
field to obtain informations on the collapsing of the MCF.
Fix x0 ∈M . Since νM is globally flat, we can identify a vector v ∈ νx0M
and the unique parallel normal field vˆ along M defined by vˆ(x0) = v. Let
ni be curvature normals of M with multiplicity mi for i = 1, . . . , g. We may
view ni either as a global parallel normal vector field along M or an element
in νx0M . The precise meaning should be clear from the context.
Let ξ(t) ∈ νx0M be a one parameter family of normal vectors satisfying
the flow equation
ξ˙(t) =
g∑
i=1
mini
1− 〈ξ(t),ni〉 , ξ(0) = 0. (3.1)
It follows from (2.3) that ξ is a solution of (3.1) if and only if the one
parameter family of parallel submanifolds M(t) := Mξ(t) satisfy the mean
curvature flow equation withM(0) =M . In other words, the MCF preserves
the isoparametric condition:
Proposition 3.1. If f : M × [0, T ) → RN satisfies the mean curvature
flow in RN and f(·, 0) is isoparametric, then f(·, t) is isoparametric for all
t ∈ [0, T ).
Equation (3.1) does not make sense if 〈ξ(t),ni〉 = 1 for some i. We will
only study the flow equation under the condition
〈ξ(t),ni〉 < 1
for all i = 1, . . . , g. In other words, we require that x0 + ξ(t) stays in the
same Weyl chamber as x0 for all t. Under this condition, all M(t) are still
isoparametric.
Note that (3.1) is a system of non-linear ODE given by a vector field
defined on the Weyl chamber C containing x0 and the vector field blows up
along the boundary of C. The study of MCF with isoparametric submani-
folds as initial data reduces to the study of solutions of this ODE system.
Theorem 3.2. Let M ⊂ SN−1(r0) be an n-dimensional isoparametric sub-
manifold in RN , and x0 ∈ M . If ξ(t) satisfies the mean curvature flow
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equation (3.1), then x(t) = x0 + ξ(t) satisfies
x′(t) = −
g∑
i=1
mini
〈x(t),ni〉 , (3.2)
with x(0) = x0. Let H(t) be the mean curvature vector of M(t) = Mξ(t) at
the point x(t). Then
(a) 〈x(t), H(t)〉 = −n,
(b) ||x(t)||2 = ||x(0)||2 − 2nt.
Proof. By equation (2.1),
〈x(t), ni〉 = 〈x(0),ni〉+ 〈ξ(t),ni〉 = −1 + 〈ξ(t),ni〉
for all i = 1, · · · , g. Since
H(t) = −
g∑
i=1
mini
〈x(t),ni〉 , (3.3)
we have 〈x(t), H(t)〉 = −∑gi=1mi = −n. This proves part (a). Part (b)
follows from integrating the following formula
d
dt
‖x(t)‖2 = 2〈x(t), x′(t)〉 = 2〈x(t), H(t)〉 = −2n.

Hence we have
Corollary 3.3. The mean curvature flow in RN with initial data an isopara-
metric submanifold in SN−1(r0) exists only for finite time with maximal
interval [0, T ), where 0 < T ≤ T0 = r
2
0
2n .
The following Theorem is the key in proving
(1) the limits of two flows of (3.2) have two different limit on the bound-
ary ∂C of the Weyl chamber C,
(2) every point of ∂C is a limit of some flow of (3.2).
Theorem 3.4. Let M be a compact isoparametric submanifold in RN , W
the Weyl group associated to M , x0 ∈M a fixed point, and V = x0+ νx0M .
Let P1, . . . , Pk be a set of generators of the ring R[V ]
W of W -invariant
polynomials on V such that Pi are homogeneous polynomials of degree si
with P1(x) = ||x||2 and s1 ≤ s2 · · · ≤ sk, and C the Weyl chamber of
W containing x0 in V . Let P : C¯ → Rk be the map defined by P (x) =
(P1(x), . . . , Pk(x)). Then P is a homeomorphism from C¯ to a closed subset
B = P (C¯). Moreover, there is a polynomial map
η = (η1, . . . , ηk) : R
k → Rk
with η1 = −2n and ηj is a polynomial in η1, . . . , ηj−1 such that if x : [0, T )→
C is a solution of (3.2), then y(t) = P (x(t)) is a solution of
y′(t) = η(y(t)) = (η1(y(t)), . . . , ηk(y(t))).
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Proof. Since each orbit of W intersect C exactly once and the algebra of
invariant polynomials separate W orbits, the map
P : C ∩D(1) −→ Rk
x 7−→ (P1(x), · · · , Pk(x))
is an injective continuous map. Since P is injective and proper, B = P (C)
is a closed subset of Rk and P is a homeomorphism from C to B.
The Coxeter group W acts on V . If f is a W -invariant homogeneous
polynomial of degree j on V , then by equation (2.4),
F (x) :=
g∑
i=1
mi
〈∇f(x), ni〉
〈x, ni〉
is a W -invariant homogenous polynomial of degree j − 2. Let x(t) be a
solution of (3.2), and f(t) = f(x(t)). By equation (3.3),
f ′(t) = 〈∇f(x(t)), x′(t)〉 = 〈∇f(x(t)),H(t)〉 = −F (x(t)).
Hence f ′(t) is the value of aW -invariant polynomial of degree k−2 evaluated
at x(t). In particular, d
j
dtj
f(t) = 0 if j > k/2. Therefore f(t) is a polynomial
in t.
Let y(t) = (y1(t), . . . , yk(t)) = P (x(t)), and
Fi(x) =
g∑
i=1
mi
〈∇Pi(x),ni〉
〈x,ni〉 .
By equation (2.4), Fi is a W -invariant homogeneous polynomial on V of
degree si − 2. Since R[V ]W = R[P1, . . . , Pk],
Fi = −ηi(P1, . . . , Pi−1)
for some polynomial ηi. But we have shown above that y
′
i(t) = −Fi(x(t)),
so
y′i(t) = −Fi(x(t)) = ηi(y1(t), . . . , yi−1(t)).
This shows that y(t) is an integral curve of the polynomial vector field η
on Rk. Since y1(t) = ||x(0)||2 − 2nt, solution y can be solved explicitly by
integrations. 
The MCF equation (3.2) is given by the vector field
H(x) = −
g∑
i=1
mini
〈x,ni〉 ,
which is smoothly defined on the Weyl chamber C of x0 + νx0M and blows
up at the boundary ∂C. If we use generators of W -invariant polynomials on
x0 + νx0M to change coordinates to P as in Theorem 3.4, then the vector
field H becomes the polynomial vector field η on P (C). Moreover, the flow
of η can be solved explicitly and globally. Then apply P−1 to flows of η to
get flows of (3.2).
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Theorem 3.5. For any compact isoparametric submanifold M in RN , the
mean curvature flow always converges to a focal submanifold at a finite time.
Moreover, if M1 and M2 are parallel full isoparametric submanifolds which
are contained in the same sphere, then mean curvature flows with initial
data M1 and M2 never intersect and they converge to two distinct focal
submanifolds.
Proof. We use the same notation as Theorem 3.4. Let x : [0, T ) → C be
the maximal interval for a solution of the mean curvature flow equation
(3.2). Note that Pi(t) = Pi(x(t)) are well defined since Pi(t) are polynomi-
als in t. Therefore the mean curvature flow of x0 ∈ M must converge to
P−1(P1(T ), · · · , Pk(T )) which lies on the boundary of C. The mean curva-
ture flow of M then converges to the focal submanifold passing through this
point.
We may assume that xi(0) lies in the unit sphere. Let Ti denote the
maximum time for the solution xi(t). If T1 6= T2, then ||xi(t)||2 = 1 − 2nt,
so limt→T−
1
||x1(t)||2 6= limt→T−
2
||x2(t)||2. If T1 = T2 = T , then since xi(t)
are solutions of (3.2) and 〈xi(t), nj〉 < 0, we have
1
2
d
dt
∣∣||x1(t)− x2(t)||2 = g∑
i=1
mi
〈x1(t)− x2(t),ni〉2
〈x1(t), ni〉〈x2(t),ni〉 ≥ 0. (3.4)
This implies that ||x1(t)− x2(t)||2 increases in t ∈ [0, T ), hence
lim
t→T−
x1(t) 6= lim
t→T−
x2(t).

Theorem 3.6. Every focal submanifold is a limit of the mean curvature
flow of certain isoparametric submanifold.
We need a couple Lemmas. First a simple Lemma on scaling and the
proof is obvious:
Lemma 3.7. If f : M × [0, T ) → RN is a solution to the mean curvature
flow with f(x, 0) = f0(x), then given any r 6= 0, f˜(x, t) = rf(x, r−2t) is a
solution with f˜(x, 0) = rf0(x).
Lemma 3.8. Let f : Mn −→ SN−1(r0) be an immersed minimal subman-
ifold of a sphere with radius r0. For any x ∈ M , the solution to the mean
curvature flow equation in RN with initial data M is given by
F (x, t) =
√
1− (2nt/r20) f(x).
In particularly, the mean curvature flow of M shrinks to a point homothet-
ically in finite time T0 = r
2
0/(2n).
Proof. For minimal submanifolds of the sphere SN−1(r) with radius r, the
mean curvature vector at a point x is −nx/r2. Let F (x, t) = r(t)f(x) for
x ∈ M with r(t) ≥ 0. Then the mean curvature vector field of F (·, t) at
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point x is given by − n
r2
0
r(t)
f(x). So F (x, t) satisfies the mean curvature flow
equation for f if and only if
r′(t) = −n/(r20r(t)) and r(0) = 1.
It follows that r(t) =
√
1− (2nt/r20). 
Proof of Theorem 3.6
In each isoparametric family, there exists a unique isoparametric subman-
ifold M ⊂ SN−1(1), which is minimal in SN−1(1). Let x0 ∈ M . The mean
curvature flow for minimal submanifold in spheres can be solved explicitly
as in Lemma 3.8, i.e., x(t) =
√
1− 2nt x0 is a solution of (3.2) and x(t) ∈ C
for all t ∈ [0, 12n).
Recall that integral curves of H(x) = −∑gi=1 mini〈x,ni〉 map to integral curves
of the polynomial vector field η under the homeomorphism P defined in
Theorem 3.4. Since the integral curve starting from x0 lies in C, the flow
of η starting at P (x0) lies in P (C). But −η is a polynomial vector field
and the one-parameter subgroup φt generated by −η is a globally defined
polynomial map. So there exists ¿.0 and an open subset U of P (C¯) such thatU contains the origin and φt(z) ∈ P (C) for t ∈ (0, ). and z ∈ U . This shows
that the flow of −η starting at the boundary of U points inward in P (C).
Hence any boundary point of P−1(U) is a limit of some MCF with initial
data in C. It follows from Lemma 3.7 that any focal submanifold can be a
limit of some MCF with some initial isoparametric submanifold. 
As consequence of Theorem 3.5 and Lemma 3.8, we have
Corollary 3.9. Let M be an isoparametric submanifold. The mean curva-
ture flow of M converges to a point if and only if it is minimal in the sphere
containing it.
Below we describe the rate of collapsing of the MCF for isoparametric
submanifolds. Recall that a MCF, Mt, collapses at time T < ∞ is said to
have type I singularity (cf. [W]) if there is a constant c0 such that
||II(t)||2∞(T − t) ≤ c0
for all t ∈ [0, T ), where ||II(t)||∞ is the sup norm of the second fundamental
form for Mt.
Proposition 3.10. Let x(t) be a solution of the MCF (3.2), and T is the
maxmial time. Then
(1) x(T ) := limt→T− x(t) exists and belong to the boundary ∂C of the
Weyl chamber C,
(2) limt→T−
||x(t)−x(T )||2
T−t = 2m, where m = dim(Mx(0))− dim(Mx(T )),
(3) if x(T ) lies in a highest dimensional stratum of ∂C, then the MCF
has type I singularity.
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Proof. We have proved (1) in Theorem 3.5. Statement (2) follows from the
L’Hopital law:
lim
t→T−
||x(t) − x(T )||2
T − t = limt→T−
2〈x(t) − x(T ), x′(t)〉
−1
= 2 lim
t→T−1
g∑
i=1
〈x(t)− x(T ), mini〈x(t), ni〉 〉
= 2 lim
t→T−1
∑
i 6∈I
mi
〈x(t)− x(T ), ni〉
〈x(t), ni〉 + 2
∑
i∈I
mi
〈x(t), ni〉
〈x(t), ni〉 = 2
∑
i∈I
mi,
which is the dimension of the fiber of Mx(0) → Mx(T ). Here I = {1 ≤ i ≤
g | 〈x(T ), ni〉 = 0}.
We now prove statement (3). If x(T ) lies in a highest dimensional stratum
of ∂C, then there exists a unique i such that x(T ) lies in the hyperplane
defined by ni, i.e., 〈x(T ),ni〉 = 0. We may assume i = 1. Note that the
norm square of the second fundamental form of Mx(t) satisfies
||II(x(t))||2(T − t) ≤
g∑
i=1
mi||ni||2
〈x(t),ni〉2 (T − t)
=
m1||n1||2(T − t)
〈x(t),n1〉2 +
g∑
i=2
mi||ni||2
〈x(t),ni〉2 (T − t).
As t → T−, the second term tends to zero because 〈x(T ),ni〉 6= 0 for all
i ≥ 2, and by the l’Hopital law the first term has the same limit as
−m1||n1||2
−2〈x(t),n1〉
∑g
i=1mi
〈ni,n1〉
〈x(t),ni〉
.
But the denominator tends to −2m1||n1||2, so the limit is 1/2. 
We remark that there is an open dense subset O of the Weyl chamber C
such that the solution x(t) of (3.2) with x(0) ∈ O converges to a point in a
highest dimensional stratum of ∂C.
4. Solutions to the mean curvature flow equation
In this section, we use Theorem 3.4 to construct explicit solutions of the
MCF (3.2) by selecting a set of generators P1, . . . , Pk for the W -invariant
polynomials and calculating flows of the polynomial vector field η.
We use the root system of the Coxeter group given in [GB]. Let M be a
compact, irreducible isoparametric submanifold in RN , W its Weyl group,
and ni its curvature normals. Let Π denote a set of simple roots of W , and
∆+ the set of positive roots defined by Π. Then {Rni | 1 ≤ i ≤ g} is equal
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to {Rα | α ∈ ∆+}. So the Weyl chamber C containing x0 is precisely given
by
C = {x ∈ V | −〈x, α〉 > 0 for all α ∈ Π}.
The closure of C is
C = {x ∈ V | −〈x, α〉 ≥ 0 for all α ∈ Π},
and the MCF (3.2) becomes
x′(t) = −
∑
α∈∆+
mα
〈x(t), α〉 α (4.1)
where mα is the multiplicity of the curvature normal which is parallel to α.
Since (4.1) is invariant under re-scaling of each α, we may normalize roots
of the Coxeter group to be of unit length.
IfM =M1×M2 withMi an isoparametric submanifold of RNi for i = 1, 2,
then the Weyl group of M is the product of the Weyl groups of M1 and M2
and the mean curvature flow of M is the product of the mean curvature
flows of M1 and M2. So without loss of generality, we may assume that M
is an irreducible isoparametric submanifold. In the rest of this section, we
work out explicit solutions for mean curvature flow equations for compact
isoparametric submanifolds whose Coxeter group are Ak, Bk, Dk and G2.
Example 4.1. The Ak case
ß
Suppose that k ≥ 2. Let {e1, · · · ek+1} be the standard orthonormal
basis of Rk+1 and (x1, · · · , xk+1) the corresponding coordinate. The set
1√
2
(ei − ei+1) with 1 ≤ i ≤ k is a simple root system of Ak, and the set of
positive roots is 1√
2
(ei − ej) with 1 ≤ i < j ≤ k + 1. Let
V := {(x1, · · · , xk+1) ∈ Rk+1 | x1 + · · ·+ xk+1 = 0}.
The normal space of an isoparametric submanifold of type Ak can be iden-
tified with V . The Coxeter group acts on V and is generated by all permu-
tations of {e1, · · · , ek+1} . The open positive Weyl chamber C containing
x0 is
C = {(x1, · · · , xk+1) ∈ V | x1 < x2 < · · · < xk+1}.
Since the multiplicities of curvature spheres are invariant under the action
of the Coxeter group, there is only one possible multiplicity which we denote
by m. So (4.1) is
x′ = −
∑
i<j
m
ei − ej
xi − xj , (4.2)
which implies that
1
m
d
dt
xi =
∑
j 6=i
1
xj − xi , 1 ≤ i ≤ k + 1. (4.3)
If x(0) ∈ V , then x(t) ∈ V for all t. This follows from the simple fact that
d
dt(x1 + · · · xk+1) = 0.
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Let σr be the r-th elementary symmetric polynomial in x1, · · · , xk+1:
σr =
∑
1≤i1<···<ir≤k+1
xi1 · · · xir ,
and σ0 = 1. Let x(t) be a solution of (4.2), and
yr(t) = σr(x(t)).
We claim that {
y′2 = n,
y′r =
1
2 m(k − r + 3)(k − r + 2)yr−2.
(4.4)
To see this, we compute
r!
m
d
dt
yr =
1
m
d
dt
∑
i1 6=···6=ir
xi1 · · · xir
=
∑
i1 6=···6=ir
r∑
q=1
xi1 · · · x̂iq · · · xir
∑
j 6=iq
1
xj − xiq
Write ∑
j 6=iq
1
xj − xiq
=
∑
j 6=i1,··· ,ir
1
xj − xiq
+
∑
1≤p≤r, p 6=q
1
xip − xiq
.
For fixed indices i1, · · · , îq, · · · , ir,∑ 1
xj − xiq
= 0
if the summation is running over all possible values for iq and j such that
iq 6= j and both of them are not equal to i1, · · · , îq, · · · , ir. Therefore
r!
m
d
dt
yr =
∑
i1 6=···6=ir
xi1 · · · xir
∑
1≤p,q≤r, p 6=q
1
xiq(xip − xiq )
. (4.5)
Write ∑
1≤p,q≤r, p 6=q
1
xiq(xip − xiq)
=
∑
p>q
1
xiq (xip − xiq)
+
∑
p<q
1
xiq(xip − xiq )
.
Switch the indices p and q in the second term and adding the first term, we
have ∑
1≤p,q≤r, p 6=q
1
xiq (xip − xiq)
=
∑
p>q
1
xip − xiq
(
1
xiq
− 1
xip
)
=
∑
p>q
1
xipxiq
.
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Hence by equation (4.5)
r!
m
d
dt
yr =
∑
i1 6=···6=ir
∑
1≤p,q≤r, p>q
xi1 · · · x̂iq · · · x̂ip · · · xir
=
1
2
r(r − 1)(k − r + 3)(k − r + 2)(r − 2)!yr−2
This proves the claim.
The explicit formula for yr(t) can be obtained from (4.4) recursively, and
it is a polynomial in t and initial conditions x1(0), · · · , xk+1(0). For each
t, we can obtain x1(t), · · · , xk+1(t) as the k + 1 solutions of the following
polynomial equation in z:
k+1∑
r=0
(−1)k+1−r yk+1−r(t) zr = 0, (4.6)
with the property
x1(t) < x2(t) < · · · < xk+1(t).
Example 4.2. The Bk case
ßSuppose that k ≥ 2. Let {e1, · · · ek} be the standard orthonormal basis
of Rk and (x1, · · · , xk) the corresponding coordinate. We identify Rk with
a normal space of an isoparametric submanifold of type Bk. The set ek and
1√
2
(ei − ei+1) with 1 ≤ i ≤ k − 1 is a simple root system of Bk, and the set
of positive roots are ei with 1 ≤ i ≤ k and 1√2 (ei ± ej) with 1 ≤ i < j ≤ k.
The Coxeter group is generated by all permutations and sign changes of
{e1, · · · , ek}. Since the multiplicities of curvature spheres are invariant un-
der the action of the Coxeter group, there are only two possible multiplic-
ities. Let m1 be the multiplicities of curvature spheres corresponding to
1√
2
(ei ± ej) , and m2 the multiplicities of curvature spheres corresponding
to ei. So the MCF (4.1) is
−x′ = m1
∑
i<j
ei + ej
xi + xj
+
ei − ej
xi − xj
+m2∑
i
ei
xi
.
So
−x′i =
m2
xi
+m1
(
1
xi − xj +
1
xi + xj
)
.
Set yi = x
2
i . Then we have
1
2
d
dt
yi = −m2 −m1
∑
j 6=i
2yi
yi − yj . (4.7)
Let s0 = 1, si the i-th elementary symmetric polynomial of y1, . . . , yk, and
ζr(t) = sr(x(t)).
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We claim that
ζ ′j = −2(k − j + 1)(m2 +m1(k − j))ζj−1, 1 ≤ j ≤ k. (4.8)
Note that when j = 1 the right hand side is −2k(m2 +m1(k− 1)), which is
equal to −2n. To prove this claim, we compute as follows: First
1
2
d
dt
(
yi1 · · · yij
)
=
j∑
l=1
yi1 · · · yij
yil
−m2 − 2m1∑
p 6=il
yil
yil − yp

= yi1 · · · yij
−m2 j∑
l=1
1
yil
− 2m1
j∑
l=1
∑
p 6=il
1
yil − yp
 .
Since
j∑
l=1
∑
p 6=il
1
yil − yp
=
j∑
l=1
∑
1≤q≤j, q 6=l
1
yil − yiq
+
j∑
l=1
∑
p 6=i1,··· ,ij
1
yil − yp
,
and the first term on the right hand side is 0, we have
d
dt
sj =
1
j!
d
dt
 ∑
i1 6=···6=ij
yi1 · · · yij

= −2m2
j!
j∑
l=1
∑
i1 6=···6=ij
yi1 · · · yij
yil
− 4m1
j!
j∑
l=1
∑
i1 6=···6=ij 6=p
yi1 · · · yij
yil − yp
. (4.9)
The first term on the right hand side of this equation is −2m2(k−j+1)ζj−1.
To compute the second term, we notice that∑
i1 6=···6=ij 6=p
yi1 · · · yij
yil − yp
can be written as∑
i1 6=···6=ij ,il>p
(yi1 · · · ŷil · · · yij )yil
yil − yp
+
∑
i1 6=···6=ij ,il<p
(yi1 · · · ŷil · · · yij )yil
yil − yp
.
Switching the indices il and p in the second term and adding to the first
term, we have∑
i1 6=···6=ij 6=p
yi1 · · · yij
yil − yp
=
∑
i1 6= · · · 6= ij 6= p
il > p
yi1 · · · ŷil · · · yij
Therefore the second term on the right hand side of equation (4.9) is
−2m1(k − j + 1)(k − j)sj−1.
This proves the claim.
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Note that explicit formula for ζi(t) can be obtained from (4.8) recur-
sively, and it is always a degree i polynomial in t and initial conditions
y1(0), · · · , yk(0). Let y1(t), · · · yk(t) be the k roots of
k∑
r=0
(−1)k−r sk−r(t) zr = 0, (4.10)
with the property y1(t) > y2(t) > · · · > yk(t) > 0. Then xi(t) = −
√
yi(t)
for i = 1, · · · k.
Example 4.3. The Dk case
ßSuppose that k ≥ 4. Let {e1, · · · ek} be the standard orthonormal basis
of Rk and (x1, · · · , xk) the corresponding coordinate. We identify Rk with
a normal space of an isoparametric submanifold of type Dk. The set of
simple roots are 1√
2
(ek−1 + ek) and 1√2 (ei − ei+1) with 1 ≤ i ≤ k − 1, and
the set of positive roots is { 1√
2
(ei ± ej) | 1 ≤ i < j ≤ k}. The Coxeter
group is generated by all permutations and even number of sign changes of
{e1, · · · , ek}. The open positive Weyl chamber C is
C := {x ∈ Rk | x1 < x2 < · · · < xk and xk−1 + xk < 0}.
All multiplicity for curvature spheres are equal and will be denoted by m.
The mean curvature flow equation (4.1) becomes
− x′ = m
∑
i<j
ei − ej
xi − xj +
ei + ej
xi + xj
. (4.11)
1
m
d
dt
xi =
∑
q 6=i
2xi
x2q − x2i
.
Multiply both sides by xi2 to obtain
1
4m
d
dt
yi =
∑
q 6=i
yi
yq − yi (4.12)
where yi := x
2
i for all i = 1, · · · , k.
Let si be the i-th elementary symmetric polynomial of y1, · · · , yk and we
set s0 = 1. Then s1, · · · , sk−1 and √sk generate the algebra of polynomials
invariant under the action of the Coxeter group. Note that equation (4.12)
is a special case of the equation (4.7) with m2 = 0 and m1 = m. Set
ζj(t) = sj(x(t)). The proof of (4.8) also works here, and we obtain
ζ ′r = −2m(k − r + 1)(k − r)ζr−1, 1 ≤ r ≤ k.
Example 4.4. The rank 2 cases
ßWe use a different set of generators for the ring of W -invariant polyno-
mials to compute explicit solutions of the MCF (3.2) for the rank 2 cases.
The Weyl group is the dihedral group with 2g elements. We identify the
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normal space of a rank 2 isoparametric submanifold with R2 = C, and use
e
ikpi
g with 0 ≤ k < g as positive roots. Then
P1(x) = x
2
1 + x
2
2, P2(x) = Re((x1 + ix2)
g)
form a set of generator of the ring of invariant polynomials (g = 3 for A2,
g = 4 for B2, and g = 6 for G2). It is known (cf. [PTb]) that
(1) if g = 3, 6, then all multiplicities are equal and are either 1 or 2; and
if g = 4, then there are two positive integers m1 ≤ m2 such that the
multiplicity corresponding to Rnj = Re
jpii
4 is m1 for j even and is
m2 for j odd.
(2) Let Fi =
∑g
i=1
mi〈∇Pi,ni〉
〈x,ni〉 for i = 1, 2 be as in Theorem 3.4. Then
F1(x) = 2n, F2(x) =
{
0 if g = 3 or 6,
8(m2 −m1)(x21 + x22), if g = 4,
If x(t) is a solution of the MCF, then it follows from Theorem 3.4 that
y(t) = (P1(x(t)), P2(x(t)) satisfies
y′1 = −2n,
y′2 =
{
0, if g = 3, 6,
−8(m2 −m1)y1, if g = 4.
(4.13)
By Lemma 3.7, it suffices to consider initial data x0 = e
iø0 for the MCF.
The corresponding solution for (4.13) with initial data y(0) = (1, cos gø0) is
y1(t) = 1− 2nt, y2(t) = cos(gø0), if g = 3, 6,
y1(t) = 1− 2nt, y2(t) = cos 4ø0 − 8(m2 −m1)(t− nt2), if g = 4.
Set x(t) = r(t)eiø(t). Since y1(t) = r
2(t) and y2(t) = r
g(t) cos gø(t), solution
of the MCF for rank 2 case with initial data eiø0 is r(t) = (1− 2nt) 12 and
ø(t) =

1
g cos
−1
(
cos gø0
(1−2nt) g2
)
, g = 3, 6,
1
4 cos
−1
(
cos 4ø0−8(m2−m1)(t−nt2)
(1−2nt)2
)
, g = 4.
We claim that the isoparametric submanifold through x0 = e
iøg is minimal
in sphere, where
øg =
{
pi
2g , g = 3, 6,
1
4 cos
−1(m2−m1m2+m1 ), g = 4.
(4.14)
To see this, by Lemma 3.8, the the polar angle of the MCF flow starting at
a minimal submanifold in sphere must be some constant ø0. So:
(i) For g = 3, 6, we have y2(t) = r(t)
g cos gø0 = cos gø0. This implies
that cos gø0 = 0, hence ø0 =
pi
2g .
18 XIAOBO LIU∗ AND CHUU-LIAN TERNG†
(ii) For g = 4, y2(t) = y
2
1(t) cos 4ø0 implies that
y′2 = 2y1y
′
1 cos 4ø0 = −4ny1 cos 4ø0 = −8(m2 −m1)y1.
Hence cos 4ø0 =
2(m2−m1)
n =
m2−m1
m1+m2
. This proves the claim.
Next we compute the maximal time T for the MCF for the above exam-
ples. The flow blows up when cos gø(t) = ±1. If g = 3 or 6, then
y2(t) = r(t)
g cos gø(t) = (1− 2nt)g/2 cos gø(t) = cos gø0.
Hence T = 12pi (1− | cos gø0)|2/g). For g = 4, we have
y2(t) = r(t)
4 cos 4ø(t) = (1− 2nt)2 cos 4ø(t) = cos 4ø0− 8(m2−m1)(t−nt2).
Then cos gø(T ) = 1 if ø0 ∈ (0, ø4), and cos gø(T ) = −1 if ø0 ∈ (ø4, pi4 ). This
solves T and we get:
Proposition 4.5. Let øg be the constant defined by (4.14). Then
(1) The MCF through eiøg homothetically converges to 0 at time T = 12n .
(2) For g = 3, 6, the maximal time for the MCF with initial data eiø0 is
T = 12n(1− | cos gø0|
2
g ). For g = 4, the maximal time is
T =

1
2n
(
1−
√
m1+m2
2m1
(cos 4ø0 − m2−m1m2+m1 )
)
, if θ0 ∈ (0, θ4),
1
2n
(
1−
√
m1+m2
2m2
(− cos 4ø0 + m2−m1m2+m1 )
)
, if θ0 ∈ (θ4, pi4 ).
(3)
lim
t→T−
ø(t) =
{
0, if ø0 ∈ (0, øg),
pi
g , if ø0 ∈ (øg, pig ).
5. Mean curvature flows of focal submanifolds
We consider the mean curvature flows of focal submanifolds of isopara-
metric submanifolds. They behave very similarly to the mean curvature
flows of isoparametric submanifolds. With slight modification, most results
in section 3 also hold for mean curvature flows of focal submanifolds.
Let M0 be an isoparametric submanifold and p ∈ M0 a fixed point. As
before, we assume that M0 is contained in a sphere centered at the origin.
Let C ⊂ p + νpM0 be the Weyl chamber containing p, and ∆+ the set of
positive roots of the Weyl group W associated to M0. Then
(1) C¯ is a stratified space,
(2) the isotropy subgroup of any two points in the same stratum σ are
the same, and will be denoted by Wσ,
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(3) for x ∈ ∂C, let
△+(x) = {α ∈ △+ | 〈x, α〉 > 0},
then △+(x1) = △+(x2) if and only if x1, x2 lie in the same stratum
σ, and will be denoted by △+(σ),
(4) σ is the Weyl chamber of Wx for x ∈ σ and σ is an open simplicial
cone in the following linear subspace
V (σ) = {x ∈ p+ νpM0 | 〈x, α〉 = 0, for all α ∈ △+ \ △+(σ)},
Let σ be a stratum in ∂C, x0 ∈ σ, and M the focal submanifold of M0
through x0. By [T, Theorem 4.1], the mean curvature vector field of M at
x0 is given by
H(x0) = −
∑
α∈∆+(σ)
mα
〈x0, α〉 α (5.1)
where mα are multiplicities of curvature spheres of M0. Moreover
〈x0, α〉 = 〈H(x0), α〉 = 0 (5.2)
for all α ∈ ∆+ \ ∆+(σ). The mean curvature flow equation of M is the
following ODE on σ:
dx
dt
= −
∑
α∈∆+(σ)
mα
〈x, α〉 α. (5.3)
The analogue of Theorem 3.2 also holds for this case. In particular, if
x(t) satisfies the flow equation (5.3) then
‖x(t)‖2 = ‖x(0)‖2 − 2nt (5.4)
where n =
∑
α∈∆+(σ)mα is the dimension of M . Therefore we have
Theorem 5.1. The maximal interval for the solution of the mean curvature
flow equation for any focal submanifold is finite.
Suppose x(t) and y(t) satisfy equation (5.3) on σ and x(0) 6= y(0). Use
the same computation for (3.4) to get
1
2
d
dt
‖x(t) − y(t)‖2 = 〈x(t)− y(t), x′(t)− y′(t)〉
=
∑
α∈△+(σ)
mα
〈x(t)− y(t), α〉2
〈x(t), α〉〈y(t), α〉 > 0. (5.5)
Then proofs given in section 3 works, so we have
Theorem 5.2. Let Mn ⊂ Sn+k−1 be a compact isoparametric submanifold
in Rn+k, W its Weyl group, C the Weyl chamber in x0+ν(M)x0 containing
x0 ∈ M , and My the submanifold parallel to M through y. If σ ⊂ C is a
stratum, then
(1) there is a unique yσ ∈ σ such that the focal submanifold Myσ is
minimal in Sn+k−1, and the MCF in Rn+k with initial data Myσ
homothetically shrinks to a point,
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(2) if y0 ∈ σ
⋂
Sn+k−1−{yσ}, then the MCF in Rn+k with My0 as initial
data blows up in finite time T < 12n , x(t) ∈ σ for all t ∈ [0, T ), and
limt→T− x(t) ∈ ∂σ, in particular, the limit is a focal submanifold
with lower dimension,
(3) if y1, y2 ∈ σ
⋂
Sn+k−1 are distinct, then the MCF in Rn+k with initial
data My1 and My2 converge to distinct focal submanifolds of lower
dimensions.
6. Mean curvature flows for isoparametric submanifolds in
spheres
If Mn ⊂ Sn+k−1 is an isoparametric submanifold in Rn+k, then M is
also isoparametric in Rn+k. So basic structure theory for isoparametric
submanifolds in Euclidean spaces also applies to M . For x ∈ M , let H(x)
and HE(x) be the mean curvature vector fields of M at x as a submanifold
of Sn+k−1 and Rn+k respectively. Then H(x) is the orthogonal projection
of HE(x) to TxS
n+k−1. More precisely
H(x) = HE(x) + nx
for all x ∈M . In particular, H is again a parallel normal vector field along
M . The mean curvature flow of M as a submanifold of Sn+k−1 behaves
similarly to its flow as a submanifold of Rn+k. With slight modifications,
most results for mean curvature flows for isoparametric submanifolds in the
Euclidean spaces also hold for isoparametric submanifolds in spheres. We
only need to explain how to deal with the arguments in the Euclidean case
which can not be applied directly to the spherical case.
Fix x0 ∈ M and let V = x0 + νx0M be the normal space of M as a
submanifold of RN at the point x0, W its Coxeter group, and C ⊂ V the
Weyl chamber containing x0. The mean curvature flow of M in S
n+k−1 is
uniquely determined by the flow of x0 in S := C
⋂
Sk−1:
x′(t) = −
∑
α∈△+
mαα
〈x(t), α〉 + nx(t). (6.1)
The set S is a geodesic (k − 1)-simplex on Sk−1. Let x(t) ∈ S be a solution
to equation (6.1) with initial condition x0. Then
y(t) =
√
1− 2nt x
(
− 1
2n
log(1− 2nt)
)
satisfies the Euclidean mean curvature flow equation (4.1) with initial con-
dition y(0) = x0. Let [0, Tx) and [0, Ty) be the maximal intervals for the
domains of x(t) and y(t) respectively. Then
Tx = − 1
2n
log(1− 2nTy)
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and
lim
t→T−y
y(t) =
√
1− 2nTy lim
t→T−x
x(t).
Note that by Theorems 3.2 and Corollary 3.9, Ty ≤ 12n and the equality
holds if and only if the isoparametric submanifold M0 passing x0 is minimal
in the sphere Sn+k−1. So by Theorem 3.5, ifM0 is not minimal in the sphere,
then x(t) converges to a focal submanifold at a finite time Tx. This proves
Theorem 1.2.
If x1(t) ∈ S and x2(t) ∈ S satisfy the spherical mean curvature flow
equation (6.1), then
1
2
d
dt
‖x1(t)− x2(t)‖2 = 〈x1 − x2, (HE(x1) + nx1)− (HE(x2) + nx2)〉
= n‖x1 − x2‖2 + 〈x1 − x2,HE(x1)−HE(x2)〉.
By (3.4), 〈x1 − x2,HE(x1)−HE(x2)〉 ≥ 0. Therefore
d
dt
‖x1(t)− x2(t)‖2 ≥ 2n‖x1(t)− x2(t)‖2. (6.2)
We use (6.2) to give an estimate of the maximal interval [0, T ) for the spher-
ical mean curvature flow x(t). Let p0 be the unique point in S such that
the isoparametric submanifold passing p0 is minimal in the sphere S
n+k−1.
Set x1(t) = x(t) and x2(t) = p0 in equation (6.2). Since x2(t) exists for all
t > 0, we obtain
‖x(t)− p0‖ ≥ ent‖x(0)− p0‖
for all t as long as x(t) ∈ S. Let D be the diameter of S, then D ≤ 2 and
T ≤ 1
n
log
D
‖x(0) − p0‖ .
Now we discuss the behavior of invariant polynomials under the spherical
mean curvature flow. Let x(t) ∈ S be the mean curvature flow of x0. For
any function f on V , let f(t) = f(x(t)). Then
f ′(t) = 〈∇f(x(t)),H(x(t))〉 = 〈∇f(x(t)),HE(x(t))〉+ n〈∇f(x(t)), x(t)〉.
If f is a homogenous polynomial of degree k which is invariant under the
action of the Coxeter group W , then as in the proof of Theorem 3.5,
f ′(t) = −F (x(t)) + nkf(t) (6.3)
where F is defined by equation (2.4) and it is an invariant polynomial of
degree k − 2. If we have computed F (t) := F (x(t)), then we can solve f(t)
from equation (6.3) and obtain
f(t) = −eknt
∫
e−kntF (t) dt. (6.4)
Note that there is no homogeneous invariant polynomial of degree 1. By
induction on the degree, we obtain the following
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Theorem 6.1. If x(t) satisfies the spherical mean curvature flow equation
(6.1) and f is a W -invariant polynomial, then f(t) = f(x(t)) = c1e
knt+h(t)
for some constant c1 and polynomial h.
In particular f(t) is well defined for all t ∈ R. In section 4, we have
given explicit formulas for Fi for invariant homogeneous polynomials Pi
for isoparametric submanifolds. We can use these formula and (6.4) to
construct explicit solutions to the spherical mean curvature flow equation
for isoparametric submanifolds in spheres.
Example 6.2. Phase portrait for rank 2 cases
Let Mn ⊂ Sn+1 ⊂ Rn+2 be an isoparametric hypersurface with g distinct
principal curvatures. Then the Weyl group associated to M as a rank 2
isoparametric submanifold in Rn+2 is the dihedral group of 2g elements.
Let C denote the Weyl chamber containing x0 ∈M , and D the intersection
of C and the normal circle at x0 in S
n+1. Let p1, p2 denote the end points
of D. The arc D = p̂1p2 has length π/g. For y ∈ C¯, let My denote the
submanifold through y that is parallel to M (a leaf of the isoparametric
foliation). There exists a unique p0 ∈ D such that Mp0 is minimal in Sn+1.
(1) The spherical MCF (6.1) has three orbits: a stationary point p0, the
orbit p̂0p1 with one end tends to p0 and the other end tends to p1,
and the orbit p̂0p2 with one end tends to p0 and the other end tends
to p2.
(2) The MCF (3.2) in Rn+2 starting at My degenerates homothetically
to one point (the origin) if y = p0, to Mrp2 for some 0 < r < 1 if
y ∈ p̂0p2, and to Mrp1 for some 1 < r < 1 if y ∈ p̂1p0.
Example 6.3. Phase portrait for the A3 cases
ßLet Mn ⊂ Sn+2 be an isoparametric submanifold with Weyl group A3
and uniform multiplicity m, and x0 ∈ M . Let C denote the Weyl chamber
containing x0, and D the intersection of C and the normal sphere at x0.
Then D is a geodesic triangle with vertices p1, p2, p3 and interior angles
pi
3 ,
pi
3 ,
pi
2 . The phase spaces of spherical MCF (6.1) and Euclidean MCF (3.2)
are D and C respectively. We describe the phase portraits:
(1) There exists a unique p0 in the interior of D such that p0 is the fixed
point of the ODE (6.1). This implies that the spherical MCF starting at the
parallel submanifold Mp0 is stationary and Mp0 is minimal in S
n+k−1.
(2) For each 1 ≤ i ≤ 3, there is a unique flow ℓi that at one end ap-
proaches p0 and at the other end approaches pi. This implies that for y ∈ ℓi,
the spherical MCF starting at My collapses in finite time to the focal sub-
manifold Mpi by collapsing fibers of the fibration My →Mpi . The fibers are
isoparametric submanifolds with Weyl group A2 for i = 1, 2 and A1×A1 for
i = 3. In particular, when m = 2, My is diffeomorphic to the manifold of
flags in C4 and collapsing is along complex flag manifolds of C3 in My for
i = 1, 2 and S2 × S2 in My for i = 3.
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(3) For distinct i, j, k, let Dk denote the triangle with vertices pi, pj , p0
and edges ℓi, ℓj, and geodesic segment p̂ipj in the sphere. The flow for (6.1)
starting at a point in the interiorD0k ofDk exists for finite time and converges
to a point on the interior of p̂ipj. This implies that for y ∈ D0k, the spherical
MCF starting at My converges in finite time to a focal submanifoldMq with
q ∈ p̂ipj \ {pi, pj} by collapsing one family of curvature spheres.
(4) The flow of (3.2) on C starting at p0 is the straight line joining the
origin to p0, the flow starting from a point in D
0
k converges to a point on
the wall containing pi, pj (i, j, k distinct), and the flow starting at a point
on ℓi converges to a point on the line segment Opi. This implies that the
Euclidean MCF with initial data My
(i) shrinks homothetically to the origin if y = p0,
(ii) converges to a focal submanifoldMq for some q lies in the open cone
spanned by p̂ipj and the collapsing is along a curvature m-sphere if
y ∈ D0k,
(iii) converges to a focal submanifold Mq with q ∈ Opi for y ∈ ℓi, more-
over, the collapsing is along fibers of the fibrationMy →Mq and the
fibers are isoparametric submanifolds with Weyl group A2, A2, and
A1 ×A1 respectively for i = 1, 2, 3.
7. Mean curvature flow for polar action orbits
Let G act on a Riemannian manifold N isometrically, and G · p be a
principal orbit through p. If v ∈ ν(G ·p)p, then vˆ(g ·p) = dgp(v) is a globally
defined normal vector field on G·p and is called a G-equivariant normal field.
An isometric action of a compact Lie group G on a Riemannian manifold
N is called polar if there is a totally geodesic submanifold Σ that meets all
G-orbits and meets orthogonally. Such Σ is called a section. We list some
properties of polar actions (cf. [PT]):
(1) The action G is polar if and only if every G-equivariant normal field
is parallel with respect to the induced normal connection on G · p as
a submanifold of N .
(2) Let N(Σ) = {g ∈ G | g ·Σ = Σ} and Z(Σ) = {g ∈ G | g ·x = x ∀ x ∈
Σ} denote the normalizer and centralizer of Σ respectively. Then
the quotient group W (Σ) = N(Σ)/Z(Σ) is a finite group acting on
Σ, and is called the generalized Weyl group associated to the polar
action.
(3) The orbit space Σ/W is isomorphic to N/G and the ring of smooth
G-invariant functions on N is isomorphic to the ring of W -invariant
functions on Σ under the restriction map.
(4) If p0 ∈ Σ is a singular point, i.e., G · p0 is a singular orbit, then the
slice representation of Gp0 on the normal space of the orbit at p0 is
a polar representation.
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Theorem 7.1. Suppose the isometric action G on N is polar, and Σ is a
section. Then
(i) if x ∈ Σ, then the mean curvature vector ξ(x) of G ·x at x is tangent
to Σ at x,
(ii) if x′(t) = ξ(x(t)) with x(t) regular (i.e., G ·x(t) is a principal orbit),
then G · x(t) satisfies the MCF in N , in other words, the MCF in
N with a principal G-orbit as initial data flows among principal G-
orbits.
For general polar action, W need not be a Coxeter group and the orbit
space of the W -action on the section can be complicated. In fact, given
any finite groupW and any compact W -manifold, there exist a Riemannian
manifold N , a compact group G, and an isometric polar G-action on N
such that the induced action on the section is the given W -action (cf. [PT]).
Hence the behavior of the MCF for general polar actions is not as clear as
in the sphere and Euclidean case.
A polar action on a symmetric space is hyperpolar if the sections are
flat. In this case the fundamental domain of the W -action on a section is
a geodesic simplex. A submanifold in a symmetric space is called equifocal
if its normal bundle is flat, exponential of each normal space is a flat, and
the focal radii along a parallel normal field are constant. It was proved in
[TT] that principal orbits of a hyperpolar action on symmetric space are
equifocal, and parallel foliation of an equifocal submanifold is an orbit-like
foliation. Moreover, generators of the ring of smooth functions that are
constant along parallel leaves were constructed in [HLO]. Hence we believe
that methods developed in this paper can be used to solve the MCF starting
with an equifocal submanifold in symmetric spaces.
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